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CHAPTER 1

Laplace Beltrami Operator

We work on a compact Riemannian manifold (M, g) of dimension n.
We define

o 0
gij = <8gc,-’ (‘)a:j>’ G = (9i5)ij
g :=det(G), Gt = (99)4,

Let X(M) denote the space of vector fields X : M — TM. Fix f € CK(M) for
k > 1. Consider the auxiliar map 1 : X(M) — RM defined by (X) = X (f) where
X(f) : M — R satisfies X(f)(p) = X(p)(f). Since # is linear we can introduce the
following definition.

Definition 1.0.1 (Gradient)
Given f € C*(M) with k > 1, we define the gradient of f, V f, to be the vector field on
M satisfying that for all X € X(M)

(Vf, X) = X(f).

In local coordinates,

N9 0
Vf= Z 9 87353 Bz
0

This implies that if f € C*(M) then Vf is a C*¥~1 vector field.
We also denote by V the Riemannian connection associated to g,
V:X(M)x X(M) — X(M). Note that for a fixed p € M it makes sense to consider
V :T,M xX(M) — X(M). Although we are using the same notation, the reader should
not confuse the gradient operator with the connection.
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Definition 1.0.2 (Divergence)
Given X a C* vector field on M with k > 1, we define the real valued function on M

divX : M — R,

div X (p) = trace(Y — VyX).

In local coordinates, if X = Zj aj%,

1« 0)
de—\/g;ajxj.

Definition 1.0.3 (Laplacian)
Given f € CF(M) with k > 1, we define the Laplacian of f, Af, by

Af :=div(Vf).
It is easy to see that the Laplacian is a linear operator on C*(M). In local coordinates,
1 0 . —Of
Af = — — 9"V ).
- a5 (i)

In particular, if f € C*(M) then Af € C*=2(M).
The Laplacian on M is self-adjoint, nonnegative-definite and has discrete spectrum. Its
eigenfunctions play a role similar to trigonometric polynomials on the circle:

Theorem 1.0.4
For compact and connected M, there exists a complete orthonormal basis {¢o, ¢1, ...}
of L*(M) consisting of eigenfunctions of A with ¢; having eigenvalue \; satisfying

02)\0<)\1§A2§~--—>OO.

Let w, be the volume of the unite ball in R",

2m/2
Wp 1= ——————

nl'(n/2)

Then the following theorem holds for the eigenvalues of A:

Theorem 1.0.5 (Weyl’s asymptotic formula)

Let M be a compact Riemannian manifold with eigenvalues 0 = Ao < A1 < ..., each
distinct eigenvalue repeated according to its multiplicity.

Then for N(X) :=#{j : A\j < A}, we have

)"

N(A) ~ Vol(M)XV?, A — 0.



In particular,

3 (waVol ()27

j — oo.

For future reference, we define the heat kernel on M and summarize its main properties.
Set C := {f € CO%(M x (0,00)) : f(-,t) € C*(M) and f(x,-) € C'((0,00))}. The heat
operator L : C — C is defined by L := A — 9/0t. In this setting the Heat equation is
given by

Lu=0.

We say that a fundamental solution of the heat equation is a continuous function
p: M x M x (0,00) — R which is C? with respect to z, C* with respect to t and such
that
L,p=0 and lim p(-,y,t) = dy.
t—0

It can be shown that

p(.%', Y, t) = Z €_>\jt¢j ($)¢] (y)
=0

The following asymptotic expansion for the heat kernel is standard [?]:

Theorem 1.0.6

SR :
~ e — . - /2'
p(xa T, t) t—0t (471')”/2 Z a] (.’L’)t] " )
7=0
here aj(x) is the j-th heat invariant, where
ap(z) =1, a1(z) = R(x)/6.
In particular,

1
. n/2 __
Jm,e(w,z, )77 = (4m)n2”







CHAPTER 2

Sobolev Spaces

This Chapter follows the exposition given in “Non-perturbative conformal quantum grav-
ity” , [7].

2.1 Sobolev spaces as subsets of R>

Our aim in this section is to show that the sobolev space H" C R*> after some identifi-
cations. Indeed, we will show that

H =) [ {u); €R®: > (Nj+1)uj<np. (2.1)
n=1m=1 7=0
Let ¢, 1,... be an orthornormal basis of L?(M) of eigenfunctions of the Laplacian

with corresponding eigenvalues 0 = Ao < A1 < ..., that is, Ag; + \;¢;.

Definition 2.1.1 (Sobolev Spaces)
For each real number r, the Sobolev space H"(M) is defined to be the completion of
C*°(M) relative to the inner product

<f7 h)f = <(I - A)Tf7 h>L2(M) )

where [ is the identity operator.

Notice that ((I — A)"f,h) = > (\j +1)" fjh;, where f;, h; are the Fourier coefficients
of f and h repectively (f; = (f, ¢;)).
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Remark 2.1.2
If we set e, := (A\y+1)""/2¢;, then eg, €1, . . . .. is an orthonormal basis of H"(M). Indeed,

lexll2 = (A + 1) (er, 65)° = 1.

J

We will denote by C*(M) the Banach space of C*¥ functions on M equiped with the
norm
[f1lk == max{|V"™f(z)] : 0 <m <k},
xeM

where V™ f is the covariant tensor of degree m obtained by applying m times the Levi-
Civita covariant derivative to f.

The norms of C*(M) and H"(M) can be compared by means of the Sobolev inequalities:

Theorem 2.1.3 (Sobolev embedding Theorem)
For 0 < k <r —mn/2 there exists a constant Cy,, such that for all f € C*(M)

I flle < Crrll fllr

Definition 2.1.4 (Space of Distributions)
We define the Space of Distributions D(M) by

D(M) :={u:C*(M) — R, linear and continuous}.

It can be shown that
u € D(M) +— 3r, K, such that [u(f)| < K,||f]l, Vf € C®(M).

For every u € D(M) and j set uj := u(¢;). Notice that with this notation 3r, K, such
that

luj| < Kpllgllr = Kr(cj + 1)T/2-
Since (I — A)® : C*(M) — C*°(M) extends to an isometry (I — A)S : H"(M) —
H"=25(M), there is a natural pairing H~" x H" — R given by

(£, = (= A)72f,(1 = A1) .

In this situation we have |(f, k)| < || fl|=+||2|l». Therefore, we may identify H" M) with
the dual space of H~"(M ) under h — (-, h). Moreover, the functional (-, k) is continuous
on H~"(M) and so is its restriction to C°°(M). As a consequence, from now on we will
identify

H"(M) <— {u € D(M) : u is continuos w.r.t. || - |}
via

h e HT(M) — (,h) |Coo(M) € D(M)
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For h € H"(M) C D(M), we have that h; = h(¢;) = (¢4, h) and
IRI17 = (hyh), = (I = D) h,h) = (N + 1) 3.
Thus, we have the following identification:
H' (M) < {u eD(M): Y (N + 1)l < oo} .

Finally we will identify a distribution v € D(M) with its sequence of Fourier coefficients
{uj}j € R*. So

HT (M) +— {{uj}j eR®: S (N + 1)l < oo}, (2.2)

or what is the same, (2.1) holds.

2.2 Probablity Measures on Sobolev Spaces

Given a sequence of positive numbers {sg, $1,...} we can define a measure v on R*®
with sigma-field generated by cylinder sets of the form

E(i1,...,in; A) i={x € R®: (24,...,miy) € A}

where A is a Borell subset of R™. We will define v on the cylinder sets and by the
Kolmogorov construction we will extend v to a countably additive measure on the
entire sigma-field. We define v as follows:

N

v(E(i1,...,iNn; A)) = H(Qwsnj)l/z/ e 2im Tdxy, ... dxgy,. (2.3)

j=1 A

Here if s = 0 then (2ms)~1/2e=%"/25 = §(z).

Remark 2.2.1
With this construction v turns to be a mean zero gaussian probability measure on R*°.

Via identification (2.1) the Sobolev spaces H" (M) C R* are v-measurable.

Theorem 2.2.2 (Mourier)
If v is a mean zero gaussian porbability measure on a Hilbert space H, there is a positive
trace-class operator S such that

(Si.y) = /H (2,2} {z,9) du(z).
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Using Mourier’s Theorem we aim to prove the next useful result [?, Proposition 1].

Theorem 2.2.3 (Bleecker)
Let v be the probability measure on R defined by (3.8). Then,

v(H"(M)) =1 if and only if Z()\k +1)"sp < oo.
k

Proof. If v(H"(M)) = 1 by Theorem 2.2.2 there exists a positive trace-class operator
Sy such that

S, = | oy e ), ()

Set x = y = e}, with e, defined as in Remark 2.1.2 and observe that (e, z), = (\; +
1)"/22; to obtain

(Srek, ex), = / (M +1)722 dv(2).
(M)

Let Xj ~ N (0, sg). Using that

78,66*21%/(23’“)2,% dzy, = /oo 2]2- dv(z) = / ) ZJQ- dv(z)

sp = Var(Xg) = /R

and summing in k£ we conclude that

tr(Se) =Y (A +1) s

k
Since tr(S;) < oo we must have >, (A\g + 1)"s; < oo.

Conversely, suppose Y, (A; + 1)"sp < oo holds.
Recall that >, (A +1)"sp = > Jpeo (€ks 2), dv(2) and apply the Monotone Conver-
gence theorem to the right hand side of previous equality to obtain

D+ 17 = /. D+ 17 () = el o),

We conclude that we must have [p. [|z[|2 dv(z) < co. Therefore, |z]l, < oo a.s. or

equivalently, z € H" a.s.
O



CHAPTER 3

Random Fields

We present an introduction to Random Fields and Borell-TIS inequality that follows the
exposition given in the book “Random Fields and Geometry” , [?].

Definition 3.0.4 (Random field)
Let (2, M,P) be a complete probability space and M a manifold. Then a measurable
mapping f : @ — RM is called a real-valued random field.

Therefore, f(w) : M — R is a function and f(w)(x) is its value at € M. Usually we
will adopt the notation f, = f(z) = f(z,w) = f(w)(x).

Definition 3.0.5 (Gaussian Random Variable)
A random variable X : Q — R is said to be Gaussian if for some a € R and o > 0 its
density function is

ot) = 21 —(t-02/25%) | R
Yi¥ea

We abbreviate this by writing X ~ N (a,0?). It is easy to check that E{X} = a and
Var(X) = 0% When X ~ N(0,1) we say that X has a standard normal distribution.
We will also adopt the notation

U(z) = —1/96 o(t) dt. (3.1)

Notice that P{X > u} = ¥(u). Altough ¥ doesn’t have a nice explicit formula, there
are bounds that hold for every = > 0:

(1 _ 1t ) o(x) < ¥(z) < %QO(CC) (3:2)

x oz
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In what follows, we will always work with centered Gaussian random fields. This means
that f will be a random field on M such that for every x € M, f(z) is a centered
Gaussian Random Variable.

3.1 Borell-TIS inequality

In this section we introduce an inequality that gives a universal bound for the excursion
probability

P{supf(:c)Zu}, u >0,

zeM

for any centered continuous Gaussian field. This inequality was discovered indepen-
dently, by Borell and Tsirelson, Ibragimov, and Sudakov. We shall call it the Borell-TIS
inequality. Before stating the inequality we need to introduce some notation. From now
on we will write

[f1lar := sup f(x).
zeM

Notice that despite the norm notation, || - |37 is not a norm. Observe also that if we
need to bound the tail of sup,, | f(z)|, the symmetry of the Gaussians gives

P{sup £(@)] = u} < 2P{sup OF u} (33)

zeM reM

Indeed, {sup,cps |f(z)| > u} C {3z e M : f(x) >u}U{3z e M : f(x) < —u}, and
P{3x e M: f(z) >u} =P{3xr € M : f(z) < —u} because f(z) is centered for every
x € M.

We shall also define

2 = E {21
= R AR

Notice that if f is centered then o3, := sup,cp Var{f.}.

Theorem 3.1.1 (Borell-TIS)
Let f, be a centered gaussian field a.s. bounded on M. Then E{||f|lm} < oo and for
all u> 0,

P{If I~ E{Iflar} > u} < em/CoR,

Corollary 3.1.2
There exists a contant C > 0 depending only on E{||f|lar} for which

P{HfHM > U} < eCu7u2/(2012\/I)

provided u > E{|| f||ar}-
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3.2 Parametrizing random metrics in a conformal class

This Section follows the exposition given in “Non-perturbative conformal quantum grav-
ity” , [?].

We denote by (M, g) the Riemannian manifold with metric tensor g. If the angles
between two vectors with respect to go and g; are always equal at each point of the
manifold, the Riemannian metrics gg and g; on M are said to be conformally related,
or to be conformal to each other. It is known that the necessary and sufficient condition
for go and g; of M to be conformal to each other is that there exists a function f on
M such that g; = efgy. We call such a change of metric gy — g1 a conformal change of
Riemannian metric.

We consider a conformal class of metrics on a Riemannian manifold M of the form

f

g1 =€ go, (3.4)

where g is a reference Riemannian metric on M, a is a constant, and f = f(z) is a C?
function on M.

Given a metric go on M and the corresponding Laplacian Ag, let {\;, ¢;} denote an
orthonormal basis of L2(M) consisting of eigenfunctions of —Ag; we let Ao = 0, ¢o = 1.
We define a random conformal multiple f(x) by

fl) == ajei0;(@), (3.5)
j=1

where a; ~ N(0,1) are i.i.d standard Gaussians, and c¢; are positive real numbers. We
write the minus sign for convenience purposes only.

We assume that ¢; = F();), where F'(t) is an eventually monotone decreasing function
of t, F(t) — 0 as t — co. For example, we may take c; = e~ ™ or ¢; = AS.

3.2.1 Regularity of the conformal factor

We can think of L?(M) as a subset of R® by associating to every function f € L? its
sequence of Fourier coefficients (f;);. This way

L2(M) «—s {(fj)j er®: Y 2 <oo}. (3.6)

Recall also from Chapter 2 that for every r we can identify H” with a subset of R* as
follows from (2.2)

H (M) +— {(f); € R®: >y + 1) fF < oo} (3.7)

As we did in Section 2, we equip the space of functions L?(M) C R* with a probability
measure. We define it using the sequence s; = c? for ¢; as in (3.5). Thus, v = Vi,
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is generated by the densities on the finite cylinder sets

1 1< fr
dV(n1,n2,...m)(f) =7 €&Xp <_2 Z 02J> dfn1 ce dfn17 (38)

where f,, = (f, gi)j)Lz(M) are the Fourier coefficients, see Section 2.2.

We note that the Fourier coefficients f; of the conformal factor f defined as in equation
(3.5) are centered Gaussians of variance c?, that is, f; ~ N(0, c?) Moreover, since the
a;’s are i.i.d. the f; are independent. Since the density of the joint distribution is the
product of the individual densities when the variables are independent, this implies that
equation (3.8) describes the density function of the joint distribution of (fy,,..., fn,). In
particular, P{(fn,,---, fn,) € A} = V(n, ng,..n)(A). The latter observation translates,
via Kolmogorov’s construction, to

P{(fj); € A} = v(A).
The preceding observation lead us to conclude that
P{f e H" (M)} = v(H"(M)).

It follows that f € H"(M) a.s. is and only if v(H"(M)) = 1. Therefore, the smoothness
of the Gaussian random field f can be derived from a restatement of Theorem 2.2.3:

Proposition 3.2.1 (Regularity on Sobolev space)

feH (M) if and only if Z(Aj + 1)%? < 0.
J

Choosing ¢; = A;%, 3222, (A + 1)Tc§ < oo translates to 322, )\;_25 < 0.

It follows from Weyl’s law that A\; ~ 32" as j — o00; so

0o 00
r—9s .2(7‘—25)

E )\j < 00— E j o <oo.

Jj=1 J=1

We find that
2(r — 2s)

n

If < —1, then f(z) € H'(M) a.s.

Equivalently,
If r<2s— g, then f(z) € H' (M) a.s.

By the Sobolev embedding theorem, H" (M) C C*(M) for k+ 2 < r. Substituting into
the formula above, we find that

feckm) if k+g<r<2s—g.
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Rephrasing,
k
If ¢ =0(\), and s > % then f(z) € C*(M) a.s. (3.9)

We will be mainly interested in k = 0 and & = 2. Accordingly, we conclude the following

Proposition 3.2.2

) and s > n/2+ 1, then Aof € C°(M)a.s.
A% and s >n/2+2, then Agf € C?(M)a.s.






CHAPTER 4

Random Scalar Curvature

This Chapter presents a selection of the results proven in “Scalar curvature and Q-
curvature of random metrics”, [?/.

Since the 19th century, many results have been established comparing geometric and
topological properties of manifolds where the (sectional or Ricci) curvature is bounded
from above or from below, with similar properties of manifolds of constant curvature.
Examples include Toponogov theorem (comparing triangles); sphere theorems of Myers
and Berger-Klingenberg for positively-curved manifolds; volume of the ball comparison
theorems of Gromov and Bishop; splitting theorem of Cheeger and Gromoll; Gromov’s
pre-compactness theorem; theorems about geodesic flows and properties of fundamental
group for negatively-curved manifolds; and numerous other results.

When studying such questions for random Riemannian metrics, a natural question is to
estimate the probability of the metric satisfying certain curvature bounds, in a suitable
regime.

In the present chapter, we consider a random conformal perturbation g; of the reference
metric gg , and study the following questions about the scalar curvature R; of the new
metric:

i) Assuming Ry # 0, estimate the probability that R; changes sign;

ii) Estimate the probability that [|R; — Rol[cc > u, where u > 0 is a parameter.

4.1 Random metrics in a conformal class

As explained in Section 3.2 we consider a conformal class of metrics on a Riemannian
compact manifold M of the form
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790, (4.1)

where gg is a “reference” Riemannian metric on M, a is a constant, and f = f(z) is a
C? function on M.

Given a metric go on M and the corresponding Laplacian A, let {);,¢;} denote,
as usual, an orthonormal basis of L?(M) consisting of eigenfunctions of —Ag; we let
Ao = 0,¢9 = 1. We define a random conformal multiple f(z) by

gi(a) :==e"

fl@) ==Y ajc;j¢(), (4.2)
j=1

where a; ~ N(0,1) are i.i.d standard Gaussians, and ¢; are positive real numbers, and
we use the minus sign for convenience purposes only.

Remark 4.1.1 (Smoothness)

By Proposition 3.2.2 the smoothness of the metric g; = e/ gy is almost surely deter-
mined by the coefficients ¢;. In some sense, a can be regarded as the radius of a sphere
(in an appropriate space of Riemannian metrics on M) centered at gyg. Most of the
results in this paper hold in the limit a — 0; thus, we are studying local geometry of
the space of Riemannian metrics on M.

4.1.1 Volume

We next consider the volume of the random metric in (4.1).

Since the volume form associated to the metric g; is given in local coordinates by
dVh = \/@ dzxy A - -+ A dzy, where |g1| is the absolute value of the determinant of g1,
the volume element dV; corresponding to g; is given by

dvi = e"2qv;, (4.3)

where dVj denotes the volume element corresponding to gg.
We consider the random variable V; = vol(M, g1). We shall prove the following

Proposition 4.1.2
With the same notation as above,

lim E {Vi(a)} = Vo,
a—0

where Vi denotes the volume of (M, go).

Proof. Recall that f(z) defined by (4.2) is a mean zero Gaussian with variance o(z)? =
rf(x,x). One may compute explicitly E {e”af(x)/Q}. Suppose X ~ N(0,1), then for

every t
_(@—t)?

1 z2 2 1 2
E {etX :/etmede:et/e z dr=e'.
{ } V2 V21
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In particular, for Y ~ N(0,0?), say Y = 0X with X ~ N(0,1), we have E {¢"'} =
(to)?
e . . In our situation this translates to

E {enaf(x>/2} _ ointa?ry(ea)

Hence, using Fubini’s theorem we obtain

E{Vl(a)}:E{/ dVl}:// dVlle’:// e"‘%fdvldpz/ /e"Zf dPdV
M QJM QJM M JQ
:/ E{e’rwg‘f}d%:/eén2a27‘f(z7z)d‘/0‘
M

M

Since r¢(x,x) is continuous, as a — 0, the latter converge to Vj by the dominated
convergence theorem. O

4.2 Scalar curvature

The scalar curvature assigns to each point on a Riemannian manifold a real number
determined by the geometry of the manifold near that point. In two dimensions, the
scalar curvature is twice the Gaussian curvature, and completely characterizes the cur-
vature of a surface.

Let (M,g) be an n-dimensional compact manifold, n > 2. Recall that the Riemann
curvature tensor is defined by R(X,Y)Z := VxVyZ — VyVxZ — V(x,y)%; where V
denotes the Levi-Civita connection.

Definition 4.2.1 (Scalar curvature)
For x € M, let {v1,...,v,} be an orthonormal basis of T, M. The Scalar curvature at

x, R(x), is then defined by

1

R(zx) = YRS > (R(vi, vj)vi, ;) .

t,j=1

Geometrically, the scalar curvature R(x) represents the amount by which the volume
of a geodesic ball in a curved Riemannian manifold deviates from that of the standard
ball in Euclidean space. Indeed,

R(z)r?

vol(Bum(w, 7)) = vol(Brn(r)) |1 — m

+0(rh

We will study the behavior of scalar curvature for random Riemannian metrics in a fixed
conformal class, where the conformal factor is a random function possessing certain
smoothness. We consider random metrics that are close to a “reference” metric that we
denote gg.

Our techniques are inspired by [?, ?, 7, ?].
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4.2.1 Scalar curvature in a conformal class

It is well-known that the scalar curvature R; of the metric g; in (4.1) is related to the
scalar curvature Ry of the metric gy by the following formula ([?, §5.2, p. 146])

Ry =ef [Rg —a(n - DAgf — a*(n— 1)(n — 2)yv0f|2/4] : (4.4)

where A is the negative definite Laplacian for gy (Aogp; = A;j¢;), and Vj is the gradient
corresponding to gg. We observe that the last term vanishes when n = 2:

R1 = €_af(R0 — CLAof). (4.5)

Substituting (4.2), we find that

Ry (z)e™® = Ry(x) — az Ajajcipj(x). (4.6)
j=1

The smoothness of the scalar curvature for the metric ¢ is determined by the random
field a(n — 1)Af +a®(n — 1)(n — 2)|V f|?/4.
We remark that it follows easily from (4.4) and Corollary 3.2.2 that

Proposition 4.2.2

If Roe CO%(M) and c¢;= O(A;®),s>n/2+1 then R;€ Co%(M) a.s.

If Ro € C*(M) and c¢;= O(A;®);s >n/2+2 then R;€ C%*(M) a.s.

For n = 2, the expression (4.4) for the curvature is of a particular simple shape, studying
which it is convenient to work with the random centered Gaussian field

h(z) = Dof(z) =) ajeihoi(x) (4.7)
j=1

In principle, one may derive any property of h in terms of the function 7, and its
derivatives by the Kolmogorov theorem.

4.3 Sign of R; on Surfaces

In this section, we shall use Borell-TIS inequality to estimate the probability that the
curvature R; of a random metric on a compact orientable surface S, of genus v # 1
changes sign assuming that the curvature Ry for reference metric has constant sign.
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We remark that by Gauss-Bonnet theorem, when S, is a compact surface without
boundary of genus 7, fSw R = 47(1 — 7). In particular for S = T? we have that
Jp2 R = 0 so the curvature Ry has to change sign on T2.

We denote by M = S, a compact surface of genus v # 1. We choose a reference metric
go so that Ry has constant sign (positive if S, = S?, and negative if S, has genus > 2).
We remark that by uniformization theorem, such metrics exist in every conformal class.
In fact, every metric on M is conformally equivalent to a metric with Ry = const.
Define the random metric on S, by g1(a) = €%/ gy, (as in (4.1)) and f is given by (4.2),
as usually.

In this section we shall estimate the probability P(a) defined by

P(a) =P {3:17 € M : sen(Ri(a)(z)) # sgn(Ro)}, (4.8)

i.e. P(a) is the probability that the curvature R;(a) of the random metric g1 (a) changes
stgn somewhere on S.

We shall estimate P(a) in the limit @ — 0. Geometrically, since g1(a) — go, P(a) should
go to zero as a — 0; below, we shall estimate the rate. To do that, we shall use the
strong version of the Borell-TIS inequality 3.1.2. We prove the following

Theorem 4.3.1
Assume that Ry € CY(M) has constant sign and that c; = O(A;*%),s > 2. Then there
exist constants C1,Cy > 0 such that the probability P(a) satisfies

C’l(a o a3)efl/(2a203) < P(CL) < eC’Z/afl/(Qanrg)

— Y

as a — 0. In particular

—1
lim e’ InP(a) = —

a—0 20’3 .

Proof.

Recall that according to equation (4.5), in dimension two, Ry = =% (Ry — ah) where
h = Aof was defined earlier in (4.7). Therefore, using that Ry # 0, we get sgn(R;) =
sgn(Rp) sgn(1 — ah/Rp). It is then convenient to introduce a random field v defined by

v(x) = h(z)/Ro(x) (4.9)

We remark that r,(x,z) = ry(z,2)/[Ro(z)]?, and we let 02 = sup ey 7o(z, 7).
We denote by ||v||a := sup,epr v(z). With this notation sgn(R;(a)(z)) # sgn(Rp) if
and only if sgn(1 — av(z)) = —1. It follows that

P(a) = P{|lollar > 1/a}. (4.10)

Since ¢; = O(A;®), s > 2, Proposition 4.2.2 implies that i and R; are a.s. CY and hence

bounded, since M is compact.
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Assume that the supremum of o2 is attained at x = z9. We shall use (4.10) to estimate
P(a) from above and below. To get a lower bound for P {||v||as > 1/a}, choose x = xy.
Since the random variable v(zg) is Gaussian with mean 0 and variance o2 we obtain

P{l[vlla > 1/a} > P{o(zo) > 1/a} = U (1> .

a

where the error function ¥ is given by formula (3.1). We obtain the lower bound using
inequality (3.2), ¥ (1) > ﬁe‘l/@a%g)(a —a?).
We obtain an upper bound by a straightforward application of Theorem 3.1.2 on our
problem. Since v is C? a.s. (because h and Ry are), there exist a constant Cy > 0 so
that

]P){HUHM > 1/(1} < eC’z/a—l/(2a203)'

4.3.1 Using results of Adler-Taylor on the 2-Sphere

The sphere is special in that the curvature perturbation is isotropic, so that in particular
the variance is constant. In this case a special theorem due to Adler-Taylor gives a
precise asymptotics for the excursion probability.

For an integer m let &,, be the space of spherical harmonics of degree m of dimension
Ny = 2m + 1 associated to the eigenvalue E,,, = m(m + 1), and for every m fix an L?
orthonormal basis B,, = {nm,k}giﬁ of &,,.

To treat the spectrum degeneracy it will be convenient to use a slightly different
parametrization of the conformal factor than the usual one (4.2)

VvV Cm
flz) =—/|S?| = kI e (X) (4.11)
V m;k B

where a,, ) are standard Gaussian i.i.d. and ¢, > 0 are some (suitably decaying)
constants. For extra convenience we will assume in addition that
oo
m =1, (4.12)
1

m=

which has an advantage that a random field Ay f(x) defined below is of unit variance.
We stress that for convenience, in the present section, the random field f defined dif-
ferently than in the rest of the paper. The reason for the new definitions is spectral
degeneracy on S2.

Lemma 4.3.2
Given a sequence ¢, satisfying (4.12), we have

f(z) € H(S?) a.s. if and only if Z m* e, < oo.
m=1
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In what follows we will always assume that

em =0 (;L) . (4.13)

Thus f(z) € H,(S?) precisely for r < £ + 3.

Theorem 4.3.3
Let s > 7, and the metric g; on S? be given by

g1=e"go

where f is given by (4.11). Also, let ¢y, # 0 for at least one odd m. Then as a — 0,
the probability that the curvature is everywhere positive is given by

Cl CQ _ 1
2 = _— = 242
P{Rl(x)>O,Vx€S} 1 <\/27 )e )

where C1 =2, Cy = \/% Zm21 cmEm and a > 1.

4.4 Random real-analytic metrics and comparison results

In this section, we let M be a compact orientable surface, M 2% T?. We shall consider
random real-analytic conformal deformations; this corresponds to the case when the
coefficients ¢; in (4.2) decay exponentially. We shall use standard estimates for the heat
kernel to estimate the probabilities computed in the previous section 4.3.

We fix a real parameter T' > 0 and choose the coefficients ¢; in (4.2) to be equal to

Cj = e_AjT/Q/)\j. (4.14)
Then it follows that

rp(z,x) = p*(x,x,T) ZeAT )2,
7:A;>0

where p*(x,z,T) denotes the heat kernel on M _without the constant term, evaluated
at x at time T

The heat kernel p(z,y,t) = >_; e itp;(r)p;(y) defines a fundamental solution of the
heat equation on M. It is well-known that p(z,y,t) is smooth in z,y,t for t > 0, and
that p*(x,y,t) decays exponentially in ¢, [?, ?].

Notice that our choice of the ¢;’s implies that c; = O(A]) for every s > 0 allowing us to
apply the results of Section 4.3.

4.4.1 Comparison Theorem: T — 0"
By Theorem 1.0.6

1 ,
~ ) j—n/2.
p(x,z,T) . (4W)n/2j§0aj(x)/l :
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here a;j(z) is the j-th heat invariant. In particular,

ap(z) =1, a1(z) = R(x)/6.

Therefore,
1
. n/2 __
Tlgng p(x,x, T)T™* = )2
In particular,
1
. m/2 _ * n/2 _
Tlig)l+ ’f’h(ﬂf,w)T Tlig)l+p (x’x7T)T (47’(’)"/2

Assuming that Ry has constant sign, in terms of o2 the asymptotics translate to

2 — sup (2, ) sup v
v rzeM Ro(.CE) xeM (47TT)n/2R0(.T)

All in all, we obtain the following

o T—0".

Proposition 4.4.1
Assume that the coefficients ¢j are chosen as in (4.14). Then as T — 0T,

1
02 ~

Y (AnT)2 infpepr (Ro(x))?

That is, as T — 071, the probability P(a) is determined by the value of
(Ro())*.

Proposition 4.4.1 is next applied to prove a comparison theorem. Let gy and g; be
two distinct reference metrics on M, normalized to have equal volume, and such that
Ry = const and Ry # const.

inf
xeM

Theorem 4.4.2

Let go and g1 be two distinct reference metrics on M, normalized to have equal volume,
such that Ry and Ry have constant sign, Ry = const and Ry # const. Then there exists
ap, Ty > 0 (that depend on go, g1) such that for any 0 < a < ag and for any 0 < t < Ty,
we have P(a, T, g1) > P(a, T, go).

Proof. Set by := infzep(Ri(x)). It follows from Gauss-Bonnet’s theorem that
RO‘/E)(M) = / Ro dVE) = / R1 dV1 > b1V1(M).
M M

Since Vi (M) = Vop(M) and Ry # const, it follows that Ry > by.
Accordingly, as T — 07, we have
012)(917T) - i%
012)(907T) B b%

The result now follows from Theorem 4.3.1.

> 1.
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It follows that in every conformal class, P(a, T, go) is minimized in the limit a — 0,7 —
0" for the metric gg of constant curvature.

4.4.2 Comparison Theorem: T — oo

Let M be a compact surface, where the scalar curvature Ry has constant sign. Let
A1 = Ai(go) denote the smallest nonzero eigenvalue of Ag. Denote by m = m(A;) the

multiplicity of A;, and let
e sy 21 ¢j(z)?

p
zeM RO(x)Q
The number F' is finite by compactness and the assumption that Ry has constant sign
on M.

(4.15)

Proposition 4.4.3
Let the coefficients c; be as in (4.14). Denote by 02(T) the corresponding supremum of
the variance of v. Then

AT
Th_r)rgo Fg—MT =1. (4.16)

Proof. Recall that
e*(x,z,T)
Ro(z)?

We write e*(z,z,T) = e1(z,T) + ea(z, T), where

ro(z,x) =

e1(z,T) = e M7 Z qu(x)Q,
7=1

and

awT)= 3 M)

j=m+1
Clearly, as T' — oo, we have
T
lim eM7T sup 761(1:’ 2) =F,
T—oo zeM Ro(ﬂf)

where F' was defined in (4.15). It suffices to show that as T — oo,
ea(z,T) ( —)\1T>
— 4.17
Ro()? ~ °\° (*17)

Note that by compactness, there exists C; > 0 such that (1/C;) < R3(z) < O for all
x € M. Accordingly, it suffices to establish (4.17) for sup,c,s e2(z, T).
We let p:= A1 — Am; note that A, = A1 by the definition of m. We have

eo(x,T) = e M7 Z e M AT g ()2, (4.18)
j=m+1
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Let k be the smallest number such that A\ > 2.
We rewrite the sum in (4.18) as e; = e3 + e4, where the first term eg is given by

k-1 k—1
es(x,T) := Z ef(Ajf)‘l)T(;Sj(az)Q < e sup Z pi(z)?, (4.19)
j=m+1 rEM i1

where the last supremum (which we denote by H) is finite by compactness.
The second term ey is given by

eq(x,T) := Z ef(Aijl)Tqﬁj(xy < Z efAjT/2q5j($)2 < sup e*(z,z,T/2).  (4.20)
=k =k xeM

We remark that as T'— oo, €*(x, z,T/2) — 0 exponentially fast, uniformly in x.
Combining (4.19) and (4.20), we find that

es(x, T) =0 ([H cehT 4 e*(z,z,T/2)] e_)‘lT) ,

establishing (4.17) for sup,c,s e2(x,T) and finishing the proof of Proposition 4.4.3. [

Theorem 4.4.4

Let go and g1 be two reference metrics (of equal area) on a compact surface M, such
that Ry and Ry have constant sign, and such that A1(go) > A1(g1). Then there exist
ap >0 and 0 < Ty < oo (that depend on go, g1), such that for all a < ag and T > Ty we
have P(a,T;g0) < P(a,T;q1).

Proof. By Proposition 4.4.3, we find that for T > T1 = T1(go,g1) there exists C' > 0
such that

2 A(g1)T
C = o2(T, g)en T

Accordingly, if we choose T so that eM1(@)=21@2)T2 > O and take T > max{T},T5},
we find that Theorem 4.4.4 follows from the formula above and Theorem 4.3.1. O

It was proved by Hersch in [?] that for M = S?, if we denote by go the round metric on
52, then \(go) > A1(g1) for any other metric g; on S? of equal area. This immediately
implies the following

Corollary 4.4.5

Let go be the round metric on S?, and let g1 be any other metric of equal area. Then,
there exist ag > 0 and Ty > 0 (depending on g1) such that for all a < ay and T > Ty we
have P(a,T;g0) < P(a,T;q1).

4.5 L curvature bounds on Surfaces

In section 4.3 we studied the probability of the curvature changing sign after a small
conformal perturbation, on S? and on surfaces of genus greater than one. On the torus



4.5 L° CURVATURE BOUNDS ON SURFACES 29

T2, however, Gauss-Bonnet theorem implies that the curvature has to change sign for
every metric, so that question is meaningless.

Accordingly, on T? we investigate the probability of another event that is considered
very frequently in comparison geometry: the probability that scalar curvature satisfies
the L curvature bounds ||R1||s < u, where u > 0 is a parameter. Metrics satisfying
such bounds for fixed u are called metrics of bounded geometry. The argument on T? is
then modified to study the following natural analogue of the problem on T?: estimating
the probability that ||R; — Ro|lcoc < u. That question is considered on S2%, and on
surfaces of genus greater than one.

In this section we do not assume that Ry is constant; nor do we assume that Ry has
constant sign.

Definition 4.5.1
We shall consider the following three centered random fields on the surface S:

i- The random conformal multiple f(x) given by (4.2). We denote its covariance
function by r¢(z,y), and we define 0}20 = SUp,cgTf(x, x).

ii.- The random field h = Ao f defined in (4.7). We denote its covariance function by
ri(z,y), and we define 07 = sup g rh(z, 7).

iii.- The random field w = Agf + Rof = h + Rof. We denote its covariance function
by ry(z,y), and we define 02 = sup,cg7w(®,z). Note that on flat T?, Ry = 0
and therefore h = w.

The random fields f,h and w have constant variance on round S?; also f and h = w
have constant variance on flat T?.

We shall prove the following theorem:

Theorem 4.5.2
Assume that the random metric is chosen so that the random fields f,h,w are a.s. CV.
Let a — 0 and u — 0 so that

u
— — Q. 4.21
t oo (421)
Then
u2
logIP’{HRl — Roloo > u} ~ T (4.22)

Remark 4.5.3
On the flat 2-torus, op = gy.

Proof.

In the proof, we shall use (Borell-TIS) Theorem 3.1.2; we require that the random
fields f,h,w are a.s. CY. Assuming that Ry € C°(S), sufficient conditions for that are
formulated in Corollary 3.2.2; we remark that if A is a.s. C°, then so is w.
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Let S will denote a compact orientable surface (S?, T? or of genus v > 2) where the
random fields are defined.

Step 1.

Case S = T?.

We introduce a (large) parameter S that will be chosen later. On T?, we let Bg denote
the “bad” event where f is large

Bs = {llfllec > S} (4.23)

Applying Theorem 3.1.2, we find that there exists a constant a;y such that the following
estimate holds:

P{Bs} =0 (ffs_;?) . (4.24)

Case S = S? or S, with v > 2.
On 52 and on surfaces of genus > 2 we modify the definition slightly, and let Bg denote
the “bad” event that either f or h is large

Bs = {l[fllec > S} U{l[R]|oc > S} (4.25)

By Theorem 3.1.2 we find that there exist two constants ay and «y such that

a Sfi S_Lz
P{Bg} =0 (e R A 20%) . (4.26)
We have shown that
§— 53
ofe” %), S — T2,
P{Bg} = . 4.27
(Bs) i e (4.27
Ofe 4+ e |, otherwise.
Step 2.
We denote A, , the event {||R1 — Ryl||oc > u}; clearly,
P{A,.} =P{A,oNBs} +P{A,,N BS}. (4.28)

We estimate P {4, , N Bg} trivially, P{A,, N Bs} < P{Bg}. Therefore,
P{A,.NBgs}=O0(P{Bs}).

We next estimate Prob(A, , N BE). Recall that in dimension two, it follows from (4.5)
that

R —Ry= Ro(e_af —-1)— ae" A f = Rg(e_“f —-1)— ae"Th. (4.29)
Note that on T? we have Ry = 0, and the first term on the right vanishes, hence we get

Ry = —ae “h
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in that case.

Case S = T?.
Let S satisfy

S=o <1> and %= o(s). (4.30)

a

We remark that such S exists because u — 0. Indeed, since © — 0 there exists b — 0
withu < b < 1. Set S = b/a. Then u/a < S < 1/a. Therefore, S = 0 (1) and % = o(S).

On B, we have |f(z)| = O(S), hence e~ @) =1+ O(aS). Let us set from now on

u

= o 4.31
" A1+ 0(a) (4.31)
With this notation
P {Auo 0 B} =B{ |llac™/hll > u] N BS |
= P{[thoo > HJ] N Bg‘} (4'32)

=P{||h]loc > K} — P{[||2]|oo > ] N Bs}
=P{||hlls > K} + O(P{Bg}),

the last summand being already estimated in (4.27). Plugging (4.27) and (4.32) into
(4.28) we obtain
P{Aua} =P{llhlloc > £} + O (P{Bs}). (4.33)

We will choose S so that O (P{Bg}) is negligible. If we do this, it would only remain
to estimate P {||h||oc > K} since we will have P{A, o} ~ P{||A||cc > x}. To this end we
note that by symmetry,

P{|[Allr> > £} <P{[lhllec > K} < 2P{[|h]|lT2 > 5}, (4.34)

and the factor 2 is negligible on the logarithmic scale.
To evaluate

P{||h|lT> > k} (4.35)
we note that (4.21) together with (4.30) imply that

K — 00. (4.36)
Indeed,
l:g_i_aO(aS) :g—%aSO(g)
kU u u u

and both aS and a/u go to 0 as a — 0.
Thus, we may apply Theorem 3.1.2 to obtain

ahn—%
P{pllrz >} <e ™
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To get a lower bound for (4.35), we proceed as in section 4.3 and choose g € S where
o? = sup, rp(x, x) is attained. Then

P{||h|lt2 > &} > P{h(z) > k} = ¥ (x) > (i — /{13> ¢ 2F

So far we have shown that

2

K
log P{[|hfloc > £} ~ log P {|[hl|x2 > £} ~ —2—.
h

Moreover, since  ~ u/a for small a, we obtain the desired result
2

u
logP{||hl|cc > K} ~ " Sug?
h

To finish the argument it only remains to show that P{A, .} ~ P{||h|/c > k}. In order
to do this, it suffices to show that P {||h||cc > £} — 0 faster than P {Bg} — 0. To show
this, notice that

apS—

apr— L 2
P{||hl|cc > K} = O <e " 2(’%) and P{Bg}=0 (e 2"%> : (4.37)

Observe also that
k/S K 1

w(@S) ~ uwja - 1+0@s)

shows that /S — 0 because u/a = o(S). Since k — 0 faster that S — 0, (4.37) give us
the result we were looking for.

Case S = S? or S, with v > 2.

We next consider the case S = S or S = S,,7 > 2. We want to estimate the probability
of the event {||R; — Ro||cc > u} N BE. Recall from (4.29) that

Ry — Ry = Ro(e™ —1) —ae~h.
By the definition of Bg, on Bg, we have for x € S, |f(z)| = O(S) and

[h(x)] = [Aof(2)] = O(S).

Again, we choose S so that aS = o(1), and it follows easily from the Taylor expansion
of e~ and the definition of w that

Ry — Ry = —aw — O(aS)(af + ah) = —aw + O(a®S?). (4.38)
As we did when dealing with T?, we will choose S later so that

P{Aua ) Bs} = 0 (P{Aua N BS)); (4.39)

this is only possible under the assumption (4.21) of the present theorem. The equality
(4.39) implies that it will be sufficient to evaluate P{A, , N BS}.
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On S?, the isotropic random field w has constant variance o2 that will be computed
later; on S,,~y > 2 the variance r,,(z,z) is no longer constant, and we denote by o2 its
supremum sup,cg. rw(®, ).

Therefore (cf. (4.32))

c\ 2 E c
P{Aua B} = P{[lw+0(as?)s > =] 1 B}
u
=P{llulles > = +0(as?) } + O(P {Bs}).
Assuming that (4.39) holds and taking (4.28) into account, we obtain

_ u 2
P{Aua} = P{Jwle > = +O(as?) }
ar§— 52 an§— 52 (4.40)
+ O <€ f 20’? + e hS 20’%) .

We choose S so that & = o(S) but S =o (‘/E>, so that this choice is possible since y/u

Ta
is much larger than u, as u is small. We then have

a5t o(2)

so that

]P’{Hw”oo > g + O(aSQ)} - P{kuoo > g(l +o(1))}.

As in section 4.3, we shall estimate the quantity P {{||w[|sc > %(1 + 0(1))}} from above
and below by separate arguments. We let

7 =17(u,a,8) == u/a+ 0(as?) = (u/a)(1 + o(1)).
By Borel-TIS Theorem 3.1.2, there exists oy, such that

P {Jlulloo > 7} < ™75 (4.41)
This concludes the proof of the upper bound in (4.22) in this case.
To get a lower bound in (4.22), consider the point zy € S where 7, (z,x) attains its
maximum, 7,,(7o, zo) = o2, Consider the event {|w(xg)| > 7}.
We find that trivially

72

P{l|w||oo > 7} = P{lw(zo)| > T} > (Cl—CQ> e 20% . (4.42)

T T3

We next pass to the limit v — 0,u/a — oo; then 7-a/u — 1. Taking logarithm in (4.41)
and (4.42) and comparing the upper and lower bound, we establish (4.22) for surfaces
of genus > 2. This concludes the proof of Theorem 4.5.2.

O]



