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• Introduction

• From a QuantumMay. particlesSystem to MLS

• Strichartt Estimates

• Energy Transfer
• Infinite DimensionalHamiltonian Systems

. Gibbs Measures
• Mon

Squeezing theorems
• Open Problems
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TATTYL=
The extraordinary recent

progress
in dispersive

and hare epuetious has involved

* Harmonic and Fourier Analysis
* Analytic number theory
* Mwlh Physics
* Dynamical Systems

* Probability
* sympleekc Geometry
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To illustrate how these different areas of
mathematics come into play we consider

cns , {
ihut su = diupu i=±s

µ ( qx ) = Uocx ) × E Td

this is the Perino initial value problem C lvp )
.

Mass = Spd IUHH 1201
×

Hamiltonian = )
, . ,

£ but + I
, f. . ,

he I

"
dx
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V@ereo6estheNLSamefom.B
ose Einstein Condensate CBE÷

.

Gas at high temperature Gas at Iou temperature

# "
Billiard Balls

" #
ofawaanrae.pjraketifrtdes@dh8O.DIxKiteYFaYo9eIinDnttaErtntYt.e:L;

When j~ol Pure BEC

Tc= critical temperature �3� @



blackboard - Google Search.pdf
Saved to Dropbox • Nov 8, 2016, 9@16 AM

Mathematically
⇒ the BBGKY

m

Hierarchy
"
wore Packets

"

I take limit
as N→ A

⇒ The Gross
.
Pietaevskii§

Hierarchy
"
Giant Mdterlhae

"
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Moremuthemehcsf

If ×±= Hi
,

... ,×+.

) XIEIRY

80k 'cx±#= .EDU#.x.su.hxI(initjgaBdotY

the Yt# .at#..uet.xoua.xIfsduahjmtg

www.pgitutsu.MN ftp.Euk. .ju° keno
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EsompleofantntegrublesystenfL
- - -

ibu+Hu=±lul 've Gross . Pietaevskii Hierarchy
in 112 or IT in 11202T

iIkF÷±I÷EeIf¥±¥Ee*I
,

and infinitely many TEENYConservation lanes : LEE
Iseu )=ft,lsul2d×t lot

.

se IN .
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Ueltposedmssf
fit

u+su=±Mh

⇐ µ=sHuo±§HthuiuH' Idt '

µ CO, × ) = UOCX )

Solution to Conley
⇐

fixed point for integralProblem
. epuation .

Here Sctiuo is the Solution to the linear problem

{
it v+sv=o

VCO ,n ) = llocs )
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Periodicstricharttfstn.mu#theStrichartz-
estimates Kean interested on are

HSHUOKLG
.

.
,µ* .EC

" No "µsctd )

Gnid=2,9=€ san .cn#zg.cn,eikiitdahiHqin.x

for 2
, ,dz>O

•
&

, , dze Oh ⇒ IT
?

rational torus

• 72 :# Oh ⇒ IT ' irrational torus
.
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stricharttestimutesonruliomeltoftf.tt
is a rational torus then B€im'

HSCHU . " time Hmo "
t.ec# )

" °

Ingredients :

a) Ihrational ⇒ Sctluocx ) periodic in time t

b) If did . ER * { nezyan ,2+hni=r}~epc⇐agRcR
'

Amalitictlumbertheoryatlarmouictnehsb
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Stricharttfstimatesouanytojrusf÷
Huollg

.
,

, ,
Lgjnuuolf , no

Bourgointsemeterngy

•

.

Proof is corollary of Kdecouplingtheorem ( also 01>2 )

See also

Bi¥trckarf
T.ee#EsoI

and

L±ger¥trokarH¥x#T• using

ohlurpotkuphengfatsoueaouprofmain Eng¥ofLimogesteeter-

Harmonic Analysis ⇒ Analytic Memberthe
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Globalueltposednenondpropertiesofsolutions
.

the Candy problem
{
ihuhsu Hutu ( defocusing )

UCO
, X ) = leocx ) × EIT 2

is
. globally well - posed for no E Hs

,
s}s=

-
the

proof uses Strick artz estimates
, fixed point arguments ,

tkeboeudsfourttutloeuiltouiauauoliteratiou

Question : Can he Know more about the behaviour

of the solution act
,

× ) as t → is ?
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Tronsferofenergyfe-
t=o ^ 1ha , 12 to

AEF" "+±e*
Question : Does the supportofKia , { 11 mores to higher fugeuaes { ?

Wenk turbulence
, forward cascade . . . .

To answer One can look at

flu^ct,{)l2c{5sd{=HutHH+
and check what happens when t  → •

.
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GfgSobdevNonmjTh
Facts : complete Intgrebility may prevent the growth

of Sobdev

norms,
( only ID

,
i.e. cubic Mls

,

Kol V )
.

Fact :

Scattering prevents growth of Sobolev norms .

Ht:::::infk×
:"im⇐÷s"less"o.If ×e IT

2rate
, given s > 1

,
real

K > > 1 7 a solution U and a time T

s . t
. Hmo 11

ns
Cor and 11 U CT ) 11µs > K

.

�2� Collette -s-TaKaoka-taT-
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Houo6ueprove@hTeze9nHei4hl2ttt.n )
Steps : look for vct , × ) = 2

'

Etepz : restrict the Set of active freemen a is n :

* only resonant ones

* only in a special set A of finitely may ones

Steps : Get to a Toy Model :

-
i k bj H = - bj H I

by a ) 12-2 by ,
Ctl

'

bits -2 by
+ ,
CH

' to
j = 0

,
s

, - . .

,
M +1

bolt ) = bm
+ ,

It ) = 0
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loyw_syst_mayproahf.mu
Let T;

 

= C 0,9 . . . ,0 , to ,
0

. . . o ) i =o
,

- . .

,
Mti

Ti is invariant under the thou of The Toy Model .
But

we can start near Ti oud still more
.

what we

prove

is#; . }tw:bEr#
high= frequencies !

J= 0 j= Mti
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Outkickoshim,Guadia-Hous-Proas=aK (Fk?n¥cN

b)←IF ( Cuba Zego Epuetion )

tEni-Pousader-TzvetKov-VisigT ( MLS on IR × IT2)|¥#aiff
( Large box limit of ZD Mls )

#ask.ae#imsE
( Effective dynamics of the NLS on large domains )
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Gibbstleasurecfinitedimenson

{
'

an = fff the Hamiltonian flou Ict )=CanH,4H)
preserves the volume :.

bn = -Ohman Foray ACIR

n=s
, .

. .

,
d Vol (A) = VOLCOICA (A) ) Ot

.

Define Wu dµ=1e- Hlanbn )
ftp.dandb

,

Gibbs Measure

t -

←
me

~

invariant
time invariant

Also the Gibbs measure µ is invariant :

µ ( Al = µ CottiGI ) at .
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Gibbsmeasureoudholimemiomdtouittouiensjstems=Consider againYu ) Kick ordered

ghhtsu
- inter ifuet , an ) - anuttibna ,

§h=¥bT
M 1 0 ,H=µ•cx ) h EZZ ibn = -Itu× E IT 2 7 an

n Ez 2

Question : Can one define
"

dµ = te
"

Tdu " ? Is it invariant ?

• Existence of Gibbs measure RetiefGlinam - Jaffe < Dowd 3 D=
.• Invariance of Gibbs measure

Bourgoin
-
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.More on existence and invariance of y←
existence ; dµ = ¥ e-

S : tun : dx
dg

dg = Gaussian Measure fsqpdg on He )

0mInvari= : We hactlu following theorem .

Theorem [ Bourgoin
'

96 ] iltutsu = dsca )

sina.EE?tEE:i!eYtEIEtIEh#
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tsnitZCHttoorouohf.no
Yes if one expects to use deterministic estimates .

A typical element of £ is

non
.

EE
. www.nxuhue

guiw ) are i
.

i
.
d gamin complex random Variables

and WE ( R
,

P ) , a probability space .

During
the cause of the proof one needs to estimate

yfow ' " Ine 'm
where

fscwl = §g En
, In ,

Eu
. ,
grniwlgnewsgnzlw )

Sm ,n={ Chinni / he.jh2t±h3I
"

and m the halt Ihl )
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WHEREPROBABIHYHEIPSTL
.

-  -

trivialestimaten : llfswillxnp,
- Emks .no#Tactnn8nW9IwYnYI

h on

C 's

Efemlsnmlfngctnpctnactn
.
>

'

loss ! T

Smarterfstimotillfuwulegne ,
- § lfiwstefmllfcwslto

,
( torwmasmallersef ! )

"
^

'
m {

Large deviation estimate

=§n{ msn.mtncnahmhictn.ch 's
×

iwbpewanat
Kick order

''

fyniw 'T'9n.ws#Jn.iwYn:w'IfsEntnctnazta.i
no loss ! -7
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Thehemsquutingtheoremoe
.

Thurem[Gromaf : Assume OIH ) is an Hamiltonian

flou in 11224 which is also a sympleutomorphism .

let Br be a ball if radius r in 1122
" oud Cr be

a cylinder of radius R in Mid
.

Then

IOG ) ( Br ) E Cr ⇒ RZR .

0i#¥f
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I

←quuzimgtheoremtwemp°hinenon#

True, if the flow is a compact perturbation of a lined

one
.

Eisen ,•Truefor the cubic defocusing
NLS in IT lent

( Here till ) is the sympledicqoce )
. True for Kow in HE CT) 6k##Tak°hataJ

. Partial results for Klein -

Gow¥#f6u
in Htzxtikct 3) t#m

• True for the cubic
, defocusing Mls in [ C 112

' )
=vein
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Someqsenproblemsf

• Understanding Strick arte estimates in a more

direct way .

• Improving theorems on weak turbulence
.

see for
example the recent work mentioned earlier

.

• Understanding ergoohc structures associated to

infinite dimensional Houi Homan flows .

• Using probabilistic approaches to study properties

of discrete Versions of dispersive
P Dr

,
see Chatterjee ,

Chatterjee - Kirkpatrick .

• Finding move robust arguments to understand the

sympleutic structures associated to Certain dispersive PDE
.
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